Abstract. Let C be a smooth irreducible projective curve of genus g ≥ 1 defined over a finite field F q of q elements. Let K = F q (C) be its function field, ∞ a fixed place of K and A the ring of functions f ∈ K which are regular everywhere except possibly at ∞. Let φ be a A-Drinfeld module defined over a finite extension L of K,ĥ φ its canonical height and L = L(2g∞). Then for every non-torsion element α ∈ K of φ of degree d of over
Introduction
Let α be an algebraic number of degree d over Q. Suppose that α is not a root of unity. Let h : Q → R be the absolute logarithmic Weil height. Lehmer's conjecture consists in asking for an absolute constant c > 0 such that h(α) ≥ c d .
Although this question remains open, analogues of this conjecture have been considered in other contexts. The first case is when P is a point of infinite order of an elliptic curve E defined over a number field K. We want a lower bound for the canonical heightĥ E (P ) of P in terms of d = [K(P ) : K], where K(P ) is the smallest extension of K in which P is defined. In [HinSil, Corollary 0.2] , under the additional hypothesis that the j-invariant of E is non-integral, it was proved Let C be a smooth projective irreducible curve of genus g ≥ 1 defined over the finite field F q of q elements. Let K = F q (C) and h : K → R the absolute logarithmic Weil height. Let M K be the set of places of K. For each v ∈ M K denote by ord v the normalized discrete valuation corresponding to v. The direct translation of Lehmer's conjecture to K is trivial. In fact, let α ∈ K and d = [K(α) : K]. If α is not a root of unity, then α is transcendental over F q , thus there exists v ∈ M K(α) such that ord v (α) < 0.
Recall that h is defined as follows. Denote K(α) v be the completion of K(α) with respect to ord v , w = v |K , K w the completion of K with respect to ord w and
Since there exists some v ∈ M K(α) such that ord v (α) < 0, we conclude from (1.1) that h(α) ≥ d −1 . In [Den, Théorèmes 1, 2, 3] another analogue of Lehmer's conjecture was proved. In this situation α ∈ K is a non-torsion point of a Drinfeld module φ defined over a finite extension
We look for a lower bound for the canonical heightĥ φ (α) of α in terms of d. In [Den] this was done in the case where K is the rational function field F q (T ). In section 3 we prove similar results for Drinfeld modules defined over any function field K = F q (C) of a curve C of genus g ≥ 1.
The contents of the paper are as follows. In section 2 we introduce Drinfeld modules and canonical heights of these modules. In section 3 we prove analogues of Lehmer's conjectures for Drinfeld modules. In section 4 we prove these analogues for elliptic curves over function fields over sufficiently large finite fields.
Drinfeld modules and heights
Let K = F q (C), ∞ a fixed place of K and d ∞ = deg(∞). Let A ⊂ K be the set of elements which are regular everywhere except possibly at ∞. Let K ∞ be the completion of K with respect to ord ∞ . For each
Let L be a finite extension of K, G a,L the additive group of L and L{τ } the ring of twisted polynomials, i.e., τ a = a q τ , for a ∈ A. Let D : L{τ } → L be the derivative of a polynomial at 0 and ı the inclusion ı : A ֒→ L.
Definition 2.1. A Drinfeld module of rank r defined over L is a ring homomorphism φ : A → End(G a,L ) ∼ = L{τ } satisfying the following conditions:
This definition is independent of the choice of a [Poo, Propositions 1 and 3].
The definition of a global height functionĥ φ of φ was first given in [Den, section 2] for F q (T ) and extended in [Poo, section 4 ] to any function field over F q as follows.
Remark 2.4. As in the case of elliptic curves, if α ∈ L, we havê
Lehmer's problem for Drinfeld modules
Since the definition of V v does not depend on the choice of a, we shall throughout all this section fix x ∈ A − F q such that ord ∞ (x) = −2g. This x exists by the Riemann-Roch Theorem. Let s = 2gd ∞ = deg (x) and
Let B be the integral closure of A in L(α). Since A is a Dedekind domain and is a finitely generated F q -algebra, it follows from [Ser, remarks, p. 13] that B is also a Dedekind ring. Suppose throughout all this section that for every a ∈ A, φ a has coefficients in B.
Let M L(α),∞ be the set of places of L(α) which extend ∞. Note that the poles of the elements of B lie in
Theorem 3.1. Assume that for every v ∈ M L(α),∞ and i = 0, · · · , rs− 2 we have deg v (a i ) < deg v (a rs−1 ) < q rs − q rs−1 and a rs ∈ F * q . Then for every non-torsion point α ∈ K of φ we havê
Proof. It follows from (2.1) that we can treat eachĥ
Once again by induction on n we conclude that ord v (φ x n (α) ) = q nrs ord v (α). Thus,
Hence,
i.e., ord v (α) ≥ 0. In any case, for any v ∈ M L(α),∞ we have ord v (α) ≥ 0, i.e., α ∈ F q . Let v ∈ M L(α),∞ be such that ord v (a rs−1 ) < 0. Then, by hypothesis, ord v (φ x (α)) = ord v (a rs−1 ). Once again, using the hypothesis, we obtain ord v (φ x 2 (α)) = q rs ord v (a rs−1 ). By induction on n,
It follows from the non-negativity of local heights and (3.1), (3.3) and (3.4) thatĥ
where ⌈z⌉ denotes the smallest integer greater or equal than z. Note that M φ,L,g depends only on φ, L and g. Theorem 3.2. For every non-torsion point α ∈ K of φ of degree d over K, there exists a constant C φ,L,g depending only on φ, L and g such thatĥ
Proof. As in the proof of Theorem 3.
and ord v (α) < 0, then by (3.2) and (3.5), ord v (φ x (α)) = q rs ord v (α). By induction on n, ord v (φ x n (α)) = q nrs ord v (α). Hence,
. This is a finite set by the Riemann-Roch Theorem. Since α is a non-torsion point of φ, there is a bijection between A − F q and
The argument in the second paragraph of the proof shows that
In the second case, as in the proof of Theorem 3.1,
Finally, it follows from [Poo, Proposition 5] 
. Let e v be the ramification index of ord v over ord ∞ . Thus,
Consequently, by (3.9) and (3.10) and taking
By the non-negativity of local heights and (3.6), (3.7), (3.8) and (3.11), we conclude thatĥ
.
Lehmer's problem for elliptic curves
Let E be a non-constant semi-stable elliptic curve defined over K, ϕ : E → C its semi-stable minimal model and j E : C → P 1 . Let h E : E(K) − {O} → R be the canonical height of E, L an extension of K of degree d and for each v ∈ M L , let λ v : E(K v ) − {O} → R the Néron local function corresponding to v (cf. [Sil2, Chapter VI] ). For each P ∈ E(L) we haveĥ
Let
where ′ K denotes the sum over w ∈ M K such that ord w (j E ) < 0. Let r ≥ 1 be an integer such that r ≥ deg(w) for every w ∈ M K,∞ . Let K r = F q r (C) and note that E is also defined over K r . Moreover, for each w ′ ∈ M Kr such that ord w ′ (j E ) < 0 we have deg(w ′ ) = 1. Observe that since the constant field extension K r /K is unramified, then 
